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1 Background

1.1 General geometry

Our development closely follows that of Beer, et al.[1] Since the divergence of the
magnetic field is zero, one may use a Clebsch formulation:|2]

B = Va x V. (1)

To represent an equilibrium magnetic field composed of closed surfaces, it is sufficient
to define[2] o = ¢ — q()0 — v(¢, 0, d) and 1 = W. Here, 6 and ¢ are the
physical poloidal and toroidal angles, respectively, ¥ = (27)72 [, &B - V@ is the
poloidal flux, ¢(V) = dUr/d¥, Uy = (27)72 [, &B - V¢ is the toroidal flux, and dr
is the volume element. The quantity v should be periodic in € and ¢.

It is convenient to define a new angle ( = ¢ — v. With these definitions, Eq. 1
becomes

Bo = V¥ x V(g6 — C).

where the subscript on B is included to emphasize that we are concerned with the
equilibrium, unperturbed magnetic field. The field lines are straight in the ((,0)
plane, and are labeled by «. Useful coordinates are therefore (p, «, @), where p(V)
determines the flux surface, o chooses a field line in that surface, and 6 measures the
distance along that field line.

In an axisymmetric system, one may also represent the magnetic field as

By = I(T)Vé+ VT x Vo, 2)

where (V) = RBy. We will find it useful to take advantage of this representation,
although not necessary.
In the ballooning or field-line following limit, we assume that the perturbed quan-

tities vary as R
A= A(0)exp (iS)



where b - VS = 0. This takes into account the fact that the perturbations tend to
be slowly varying along the field line, and allows for rapid variation across the field
line.[3]

The latter condition implies

(Va x VI)-VS =0

which, in turn, implies S = S(a, ¥). To make contact with the ballooning approx-
imation and with field-line following coordinates, one may choose S = ng (a + qby),
where ng is some (large) integer, and 6, is the familiar ballooning parameter which,
in field-line-following coordinates, determines k, through the relation k, = —kys6,.
Here, s = p/q(dq/dp), and p is an arbitrary flux surface label.

1.2 Operators and arguments

In general, we wish to simulate the nonlinear electromagnetic gyrokinetic equation in
the ballooning, or field-line-following, limit. We choose a field-line-following represen-
tation,[1] which has the advantage that the nonlinear terms are easy to evaluate and
are independent of the details of the magnetic geometry. Further details may found
in Ref. ([1]). Below, we focus on the linear terms, which may be affected by the
geometry.

Effects of the magnetic geometry in this limit enter through only a small number
of terms, regardless of whether one proceeds with a moment-based approach,[1] a §f
approach,[4, 5] or a gyrokinetic approach.[6, 7] Consider, for example, Egs. (23-24)
of Antonsen and Lane:[3]
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Here, wg = VS - By X (mvﬁf) Vb + 1wV By + qV(I)O) /(mBy€2). The notation is ex-

plained in Ref. [3]. Note that the unperturbed magnetic field By = By ().

These equations, together with Maxwell’s equations, describe the linear properties
of a wide range of microinstabilities. In the limit of large toroidal mode number
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no, only the following components of these equations depend on 6: b -V, |VSJ?,
Bo x (b-Vb) - VS, (Bg x VBy) - VS, and By(6). (In the high ng limit, i.e., for
a thin flux-tube or thin annulus simulation, these quantities are assumed to depend
only on 6, and variation with ¢ or « is neglected.) To perform volume integrations
and flux surface averages in the nonlinear simulations, it is also necessary to have the
Jacobian J and |Vp| as functions of . We now consider the terms individually.

To make our normalizations clear, we treat the w, term in detail. The w, term
may be written as

.BO X VS . VFO " . C
i = e X [bx V(a+qbh) - VF]

where 51VS|

" ~ (VT o v

= (0= D) g+ T,
This, in turn, is

R O . OF
—ino X X [bx V(atqbh) VF| = —zn0§0 (b Vax V) aq;o = _mocxa—qj’,

where we have assumed that Fy = Fy(V).

We now introduce normalizing quantities. Lengths are normalized to an arbitrary
length a, which we often choose to be half the diameter of the last closed flux surface
(LCFS), measured at the elevation of the magnetic axis. (Although we use this
choice for the a here, particularly when giving the large aspect-ratio circular limits
for various formulas, the general geometry formulas here are valid for general choices
of a. For example, some people choose a major radius for the normalizing length a
for benchmarking with toroidal I'TG modes where R/Ly is a common parameter.)
The magnetic field is normalized to the toroidal field on the flux surface at R,,
(B, = I(V)/R,) where R, is the average of the minimum and maximum of R on
the flux surface and (1) is as used in Eq. (2). Time is normalized to a/v;, where

¢ = \/T/m;. Thus, for example, V = (1/a)Vy and ¥ = a’B,¥y. Perturbed
quantities are scaled up by a/pi., where p;, = v;/Q, and Q, = |e|B,/(m;c). The
perturbed field is normalized by T;/|e|, so that, for example, xn = (le|X/Ti)(a/pia)-
[Here, we consider only the one-species problem. The generalization to multiple
species is straightforward.] Finally, we introduce an arbitrary flux surface label p,
normalized so that p = 0 at the magnetic axis and p = 1 at the LCFS. Note that the
Larmor radius p; should not be confused with the flux surface label p. Upon adopting
these normalizations, one finds

LOF, 0 T pia OFy dp L Piav OF)

Xy T T eB, a o p AUy - T tePiaT B—pXN
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which serves to define kg = (ng/a)dp/dV . In the high aspect ratio, zero f3, circular
flux surface limit, ks = noq/r. For the case in which there is a background density
gradient, one finds

Fo  piqvy . N a [ PiaVt
(Ln)N ag :Z(kepia>XNF0_( a2 >

L,
in which the dimensionless quantity 1/(L,)x = —(1/n)dn/dp, and may also be writ-
ten as a/L,. With the specified normalizations for time, space, and perturbed quanti-
ties, the factor p;,v;/a? scales out of the gyrokinetic equation. Compare, for example,
the w, term with the first term in Eq. (4),

iu)iL = iniLN (pm;)t> .
a

—ik ia;— =1(k ia X
tRoPia= 3 ap Xn = i(kopia)Xn

The factor in parentheses is common to all terms in the equation, and does not appear
in any other form. It may therefore be considered to be arbitrary.

In the w, term, note that ky is multiplied by p;,, confirming that it is natural to
consider perpendicular gradients of small-scale fluctuations to be normalized by the
gyroradius p;, rather than to the minor radius a, as expected in the ballooning or
field-line-following limit.

To summarize, upon adopting the above normalizations, the w, term in Eq. (4)
in field-line-following coordinates becomes

_.BO X VS . VF() . PiaUt

. A . 1 dFy . PiaVt
t Bom gxX = Wx«NXN 0( 2 ) Lo p Fo dp XNLo 2 (5)

Note that w.y = —kgpia(1/Fp)(dFy/dp) is dimensionless, independent of 6, and re-
lated to the dimensional w, by w, = w.yv;/a.

We now turn to the b - V operator. We begin by using the B field in the form of
Eq. (1) to find a:

B-V¢:V9><V\IJ-V¢Z—Z

which implies
By - Vo

0
(6,9, ) = /0 W% ~v Vo

where in general there is an arbitrary constant of integration C(1), ¢). For an axisym-
metric B field, this integral may be evaluated with the use of Eq. (2), to get

+C(, ). (6)

1
V-V R2 (7)

0
a(8.4,0) =6+ 1) | dber—c



(where we can constrain the constant of integration in the axisymmetric limit by
choosing (0 = 0,1, ¢) = ¢).

In the axisymmetric limit, the b - V operator may also be explicitly evaluated. It
is

b - Vh(0) =

Bo-VO0h Iy [da\” oh

By, 00  aBy \ 00

which serves to define

~ ]N (904 ! 8
(6-9), = (55) 19wtz ®)

In the thin annulus limit, the variation of these factors in the perpendicular direction
is neglected, and this reduces to the form (b : V)N = ¢,(6)0/06. In the high aspect
ratio, zero (3, circular flux surface limit, (B . V)N = (a/qRy)0/00, where Ry is the

major radius at the center of the flux surface.
Next, we consider the VB part of the wy operator. This term is given by

2 b
2 OB?

piav\ (kopia\ maviy;: [ 2 dUys
D BoxVByVS = ( ) i | =N Yy By -V 0
0XV bo- 02 < 9 ) 72 [BN dp X VnBy -V (a+ qfh)
(where M,, and Z, are the normalized mass and charge). The module released here
produces the factors in square brackets, i.e.,
2 d\IfN 0 2 d\DN

won = Vb x VyBy-Vya and wl) = B—Nd—pb x VnBy-Vng  (9)
(these are labelled gbdrift and gbdriftO in the output). In the high aspect ra-
tio, zero f3, circular flux surface limit, wyp = 2a/Ry (cos + $0sin ), and wg)j)g =
—2(a/Ry) §sin 6.

The curvature drift is nearly the same as the VB drift, except that v? — 202
the fact that there is an additional component of the curvature drift given by

; o\ 7 1 dv
2 thxv VS = <pzavt> <k6pza> thNUN[ d Nb vNﬂa VN(Oé—i—q@()) '

i, and

Y QB2 a? 2 Zn | B3 dp
(10)
The module released here produces the factors in square brackets, i.e.,
1 dv
Wk = WvB + == B dp — "B x Vnb - Vya, w® = wg)j)g (11)

Here, 3, = 8mp/B2. Note that a perpendicular gradient of 3, gets no contribution
from the gradient of the magnetic field, since B, is a constant.
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We do not explicitly consider the remaining component of wy, proportional to
V®,. To the extent that the electrostatic potential is constant on a flux surface, this
term may be specified using the information provided by the module.

To summarize, in field-line-following coordinates, the term in Eq. (4) that is pro-
portional to wy is given by

.8 . k’epia A PiaUt \ N UQN 0) 2 0
zwdh:z< 5 )hN( > >ZN l2 (WVB+00CUVB)+U“N(w,i+90w,(€))

The form of Egs. (3-4) and of the gyrokinetic Maxwell’s equations|3] (not shown)
guarantees that |V.S| always appears as the square, |[V.S|%. In general geometry, this
term may be written

AV

9
VS|P = 2 [V (o + qbo)|” = kj <—dp

2
) ‘(VNOé + eoqu) . (VNOé +¢90VNQ)‘ .

The module released here produces the factors (g1, g2, g3), where

AT
VS = k3 ‘91 + 260092 + 9893‘ = k; <d—pN> ‘VNOé - Vya+200Vya - Vg + 03V g - VNQ‘ :
(12)
In the high aspect ratio, zero 3, circular flux surface limit, g, = 1 + 3262, g, = —052,

and g3 = §%. Note that |V.S|? typically appears with a factor of 1/Q% which is not
included in Eq. (12).

The remaining quantities are straightforward. The variation of the unperturbed
magnetic field along the field line is reported by the module as By, with

Bn(0) = Bo(0)/Ba. (13)

The quantity |V yp| is also reported by the module, and is unity in the high aspect
ratio, zero (3, circular flux surface limit.

For numerical applications, it is sometimes useful to choose the field line coordinate
so that (b-V)y is constant. This choice allows the straightforward evaluation of terms
proportional to |k| in the transform space. Thus, we use (p, o, 0') coordinates, where
0’ is the equal arc periodic coordinate defined by

0'(0) = 2nLn(0) /Ly (m) — 7 (14)

between —7 and 7, and Ly(6) = [?_df (B : V);. In this coordinate system, the

coefficient of the parallel gradient operator of Eq. (8) becomes
~ /
(b-V), =27/Lx(m). (15)
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The Jacobian is Jy = (d¥y/dp) (Ly /27 By) . With these definitions, the flux surface
average of a quantity I' is defined to be

( >_fFJNd0’da
[ Jyd0da’

The normalized area of the flux surface is Ay = 27 (|Vnp|) [ Jdb'.

The field-line variation of the quantities wyp and w% [Eq. (9)], wx and w(©,
Eq. (1), (91,92 95) [Eq. (12)], By(¢") [Bq. (13)], and (b- V) [Bq. (15)], together
with the quantities |V yp|, dp/d¥ y and d3/dp are the outputs of this geometry mod-
ule, available from bdorland@ipr.umd.edu or mtk@peaches.ph.utexas.edu. These coef-
ficients contain all of the geometric information necessary for numerical calculations
of high-n microstability and turbulence in axisymmetric toroidal configurations with
nested magnetic surfaces.

1.3 Module details

Input numerical equilibria may be specified in numerous ways, as documented in
the module. Interfaces to direct and inverse Grad-Shafranov equilibrium solvers are
available. These include using output from several equilibrium codes in use in the
fusion community, such as TOQ,[8, 9] EFIT,[10] VMOMS,[11] JSOLVER,[12] and
CHEASE,[13] as well as the local equilibrium model of Miller, et al.[14]

Here, we describe our implementation of the Miller local equilibrium model[14] for
completeness. This model extends the usual zero-beta, high-aspect ratio equilibrium
to arbitrary aspect ratio, cross section and beta, and allows one to consider geometric
effects on microinstabilities in a controlled way.

The shape of the reference flux surface and its perpendicular derivative are spec-
ified in the (R, Z) plane by

Ry (8) = Ron(p) + pcos [+ 6(p)sinb], (16)

Zn(0) = k(p)psin. (17)

Here, Ry = R/a, etc., Ron(p) = Ron(ps) + Roy dp, 0(p) = 6(py) + 6" dp, K(p) =
k(pg) + K dp, and py denotes the flux surface of interest. In the remainder of this
section, the “N” subscripts will be dropped, since no ambiguities will arise. Our
convention for the triangularity parameter 0 is different than Miller’s § parameter in
Ref. ([14]); the two are related by: our § = sin dpzer-

As emphasized in Ref. [14], the actual shape of neighboring flux surfaces (p # py)
is not determined by Egs. (16) and (17). Instead, this is determined by solving
the Grad-Shafranov equation in the neighborhood of p;. As noted by Mercier and

7



Luc,[15] one may find this solution provided R(0), Z(6), B,(8), p'(ps), and I'(py).
One additional piece of information is required to determine either the safety factor
q or d¥/dp. Finally, the normalization of the magnetic field determines I(py).

In our implementation, we take ¢ to be an input parameter, and upon noting that
$(0c/00) df = —2mq, use it to define dV¥/dp from Eq. (6):

AU I de »

[For numerical equilibria, d¥/dp may be calculated directly, and this expression de-
fines the safety factor.] The poloidal magnetic field B,(py) is specified by

dv |Vp|
B, = ———
P"dp R’
where |Vp| may be found from Egs. (16) and (17).
The remaining steps may be used with the Miller local equilibrium model or with
full numerical equilibria. We allow arbitrary values of dp/dp and § by using the

Mercier-Luc expressions to find VS.[14, 15, 16] As noted in Ref. ([14]), the result is
exactly equivalent to the generalized s — o analysis of Greene and Chance.[17] To

de

proceed, we define
(LY
R? B, R?

de i R/R.
C’(@):]/ sinu + R/ ,
VO x VU -Vo B,R*
where u(f) is the angle between the horizontal and the tangent to the magnetic
surface in the poloidal plane, and R, is the local radius of curvature of the surface in
the poloidal plane. If we define A = ¢---, etc., it can be shown that
pdg  p d¥
qdp  2mqdp

df [( 1

A(G):/vexvxp.w ’ Bw):]/vewi.w B,R)’

§= (Ar'+ By +2C) (19)
where the primes denote derivatives with respect to W. Thus, one may specify any
two of p/, I’, and §. This freedom is a direct consequence of the two free functions in
the Grad-Shafranov equation.
It can also be shown[16, 14] that the perpendicular component of the gradient of
« is given by
Va-éy =|VVU|(AI'+ Bp' +2C).

The parallel component of the gradient of @ may be easily found from Eq. (6). With
Va in hand, the remainder of the calculation is straightforward. We note that VB
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may also be calculated using the Mercier-Luc formulas; our treatment is the same as
can be found in Refs. ([14]) and ([16]). To wit, the perpendicular component is

B, [ B I?sinu
VB -6y =222 L Ry —
Cu m<&+p m@»

and since B(ps) does not depend on p’ or I’, the component of VB along the field
line depends on neither quantity.

The expressions for § and the gradients of @ and B make it clear that once the
safety factor, the shape of the flux surface, and B, are determined (either from a
numerical equilibrium or from the local equilibrium), one may vary p’ and § indepen-
dently to find a family of solutions, all of which satisfy the Grad-Shafranov equation.
This flexibility allows one to carry out the Greene-Chance kind of analysis for microin-
stabilities. Such an analysis simplifies the interpretation of the numerical calculations,
since all other parameters can easily be held fixed.

Within the context of the local equilibrium model,[14] one may also vary individual
shape parameters one at a time, to explore the dependences in a controlled fashion.

The eleven dimensionless parameters that determine the local MHD equiliibrium
in this implementation of the Miller model are summarized in Table I.

*Minor radius pf
*Safety factor q
Magnetic shear s = (p/q)dq/dp
Elongation K
dr/dp K/
Triangularity o
dé/dp o’
Center of LCFS Rgeon
Center of flux surface Ron
dRy/dp Ron
*dB/dp o)

In addition to these eleven parameters, there are two normalizing dimensional
parameters, a and B,. In all, there are two more parameters than are found in Miller,
et al.[14] We include the additional parameters to allow a somewhat more natural
correspondence between reported equilibria and the input variables. We emphasize
that there is nothing “extra” in our implementation of the model as result; it is
only modestly easier to use for some applications. For example, our choice of the
normalization of the magnetic field (B,) is the vacuum magnetic field at Rge,, the
center of the LCFS. This quantity is the most commonly reported magnetic field



value. By allowing Ry to be specified separately, we also make it conceptually easier
to separate the effects of Shafranov shift from the derivative of the Shafranov shift.
The inclusion of the normalized minor radius as a separate variable is a natural choice
as soon as one allows for separate specification of Ry and Rgeo.

The starred quantities (py, §, and d/dp) may be specified when reading in numer-
ical equilibria. Values of the latter two quantities that are different from the actual
equilibrium values are incorporated by using Eq. (19) to define I’

Finally, when using numerically generated equilibria, the module allows one to
choose from the most common definitions of p, such as the normalized poloidal or
toroidal fluxes, the horizontal minor radius, etc. The user may also provide his or her
own definition of p by supplying a simple function.
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